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Abstract. For hyperbolic flows over basic sets we study the asymptotic of the number of 
closed trajectories 7 with periods T 7 lying in exponentially shrinking intervals (x — e~ Sx , x + 
e~ Sx ), 8 > 0, x — > +00. A general result is established which concerns hyperbolic flows ad- 
mitting symbolic models whose corresponding Ruelle transfer operators satisfy some spectral 
estimates. This result applies to a variety of hyperbolic flows on basic sets, in particular to 
geodesic flows on manifolds of constant negative curvature and to open billiard flows. 



1. Introduction 

The purpose of this paper is to study the asymptotic behavior of the number of closed 
trajectories for hyperbolic flows (p t in compact invariant sets. It is known that if tt(x) is 
the number of closed orbits with primitive period (length) not greater than x, we have the 
asymptotic 

lim — log7r(x) = , 

x-^+oo X 

where > is the topological entropy of the flow ip t . To get more precise results one has 
to impose some conditions on the flow. Thus, if (ft is a weak-mixing Axiom A flow restricted 
to a non-trivial basic set, Parry and Pollicott proved |PP] that 

e h T x 

ir(x) ~ , x —> +00. (1.1) 

Iitx 



This asymptotic generalizes the classical result of Margulis [M] for geodesic flows on manifolds 
of negative sectional curvature. 



There are a lot of works concerning the analysis of the errors terms in (1.1) for different 
classes of dynamical systems as well as under different restrictions on the type of primitive 
closed trajectories considered (see |PPj . |PS2j . |PS3j . |PS4j . |L2j . |Anj and the references 
there). For example, if tp t satisfies an approximative condition related to three primitive 
periods, Pollicott and Sharp |PS3] showed that there exists r\ > such that 

e h T x , / 1 \ \ 



The first author was partially supported by the ANR project NONAA. 



2 



V. PETKOV AND L. STOYANOV 



On the other hand, for geodesic flows on negatively curved surfaces Pollicott and Sharp 
[PS2j proved a much sharper asymptotic: 

tt(x) = li (e hTX ) + 0(e cx ) , 0<c<h T , (1.2) 

where li (y) = y^du. This results is based on estimates of the dynamical zeta function 
derived from strong spectral estimates for the iterations of the Ruelle transfer operator [D] . 



Recently it was shown that (1.2) holds for more general dynamical systems for which strong 
spectral estimates for Ruelle transfer operators were established (see [St2j . |St3] . |St 5] and 
Sections 7- 9 below). 

The purpose of this paper is to examine the number of closed trajectories with primitive 
periods lying in exponentially shrinking intervals 

(x - e~ 5x , x + e~ 5x ) (1.3) 

as x — > oo, where < 5 < hr. This question is closely related to the asymptotic behavior of 
sums of the form 

Mf n (x)) , n^oo, (1.4) 

tr n x=x 

where ip n (t) (t e M.) are functions with exponentially small support as n — > oo, / > is 
the so called roof function related to a given symbolic coding of the flow, a is the shift in 
the corresponding symbol space, and f n (x) = f(x) + f(o~x) + ... + f(a n ~ 1 x). This type of 
ergodic sums for hyperbolic flows have been studied by many authors in the case when ip n is 
the characteristic function of an interval of the form lfo^^/a (central limit theorems), 
or l[ z +pe n ,z+qe n ] with € n — > not very fast (see |DP] . |Llj . |PS5j ). Moreover, in these works 
one assumes that J fdv — 0, v being a probability measure invariant with respect to a. In 
what follows below we simply replace / by g = f — J fdv. 

In this paper we deal with functions of the form ip n {t) = l[ z+an+penjZ+an+qen ](t) with 



p < q, e n = e , § > 0. To obtain an asymptotic for (1.4), we apply strong spectral 



estimates of the form (1.5) for the iterations of Ruelle transfer operators (see [D], |St2j . |St3] 



and Sects. 6-9). On the other hand, the estimate (1.2) is based on the analytic continuation 
of the dynamical zeta function Z(s) for so — e < Re s < sq, e > 0, sq being the abscissa of 
absolute convergence of Z(s), and this continuation is obtained exploiting again the estimates 



(1.5). The second problem we deal with concerns the asymptotic of the number of primitive 
closed orbits. To obtain such an asymptotic is more difficult than estimating the number 
of periodic points of shifts maps in abstract symbol spaces. Clearly in this case one has to 



estimate rather carefully the number of iterated periodic orbits involved in (1.4). 

Strong spectral estimates of the form (1.5) are known to hold for hyperbolic flows on 
basic sets under certain additional regularity assumptions concerning the stable and unstable 
laminations over the basic set and under a local nonintegrability condition (LNIC) ( see Sect. 
9). The latter appears to be a rather weak condition and is expected to be satisfied in most 
(if not all) interesting cases. Indeed, it is already known that this condition is satisfied for 
contact Anosov flows QSt3j), and for open billiard flows in M. n satisfying a certain additional 
regularity assumption ( |St4] ) . In the present paper we show that (LNIC) always holds for 
arbitrary basic sets of geodesic flows on hyperbolic manifols of constant negative curvature 
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(see Lemma 3 in Sect. 7 which has an independent interest since it implies (1.2)). In the 
latter case the stable/unstable laminations are smooth, so no extra regularity assumptions 
are necessary and the estimates (1.5) always hold. 

To describe our results precisely we need to introduce some notation and definitions. Let 
k > 2 be an integer and let A = (A(i, j))^° = i be a k x k aperiodic matrix of O's and l's. 
Consider the one-sided symbol space 

E+ = {(ij)^ :l<ij< Ko,A(ij, i j+l ) = 1 for all j > } 

with the corresponding shift map a : E^ — > Ej[, and for 9 G (0, 1) let J : g(H\) be the space of 
cifl-Lispchitz complex- valued functions on E^ with the norms || ■ ||oo, \-\e and \\-\\g = || • ||oo+| • \e 
(see Sect. 2 for details). For a real- valued g G J-^(E^) let Pr(g) be the topological pressure of 
g with respect to o (see Sect. 2). Then there exists a unique P g G R such that Pr(— P 9 g) = 0. 
Consider the Ruelle operator 

U»(0 = E^ffa) ' £eS+, t,GL7(E+). 

When g G J-^(E^), this operator preserves the space ^(E^) and it is bounded with respect 
to each of the norms || • ||oo and || • \\g. We will denote by ||£ 9 ||oo and ||£ s ||e the norm of the 
operator C g with respect to any of these, respectively. Apart from that, given a real- valued 
function / G J-$(H"^) and a, u G K with u ^ 0, the operator L^ a+iu y is bounded on ^(E^) 
with respect to the norm 



MO _ -j- / v 



Throughout the paper we will need the following 



A J 



Definition 1. We will say that the Ruelle transfer operators related to a real-valued function 
f G J r g(T l \) are weakly contracting if for every e > there exist constants a > 0, p G (0, 1) 
and A > (possibly depending on f and e) such that 

\\C n { _ Pf+lu)f \\e,u < Ap n \u\ e , \u\>a , (1.5) 

for all integers n > 0. 

The above property is similar to the so called strong spectral estimates for Ruelle operators 
related to basic sets of hyperbolic flows which we discuss in Sect. 9 below. There we also 
describe the conditions under which it is known that these estimates hold. 

In the following we assume that f(x) > for all x G E^ and set 

d = min f(x), d\ = max/(x). 
Let mo be the equilibrium state of — Pf f. Then we have 

Pr(-P / /) = h(m ) -P f J fdm = , 
where h(m ) is the measure-theoretic entropy of m with respect to a. 
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Assuming that / is non-lattice (see Section 2), there exists cr > such that 

d 2 Pr(-P f f + iuf) 



u=0 



dv? 

(see [PP]). Set 

a = aj = J f dm . 

Given a constant 5 > 0, let 

e n = e~ 5n , n = l,2,... . (1.6) 

For p < q and an integer n > 1 set 

I(z,p, q; e n ) = #{£ G : there exists m G N with o" m (£) = £ and 

z + na+pe n < / m (£) < z + not + ge„} . 
Our first main result in this paper is the following 

Theorem 1. Assume that the real-valued function f G J-e(S^) is non-lattice and the Ruelle 
transfer operators related to f are weakly contracting. Let e n = e~ Sn with < 5 < — -^f^, 
where < p\ < p < 1 is such that (1.5) holds and < p\ < 1 is the constant from Lemma 2 
in Sect. 3 below. Then for any < z < a and any p < q we have 

#{£ G £+ : a n (0 =^ z + na +pe n < /"(O < z + na + qe n } ~ e ^(^-)i|Z^ ( L7 ) 

v27rcrovn 

as n — )■ oo, uniformly with respect to z. 

Here the notation A{n) ~ -B(n) as n — )■ oo means that lim^oo ^|^y = 1 or equivalently 
A(n) = B(n)(l + o(l)) with o(l) — >■ as n — >■ oo. We also prove the following 

Theorem 2. Under the assumptions of Theorem 1, assume that e n = e~ 5n with < 5 < 
— 3^ ■ Taen /or any < z < a, any p < q and any fixed a > 0, setting r = we have 

e ^(^)( 9 _p) e (l + o a (l))<I(z,p,q;e n ) 



2V2n 



<e p ^ +na \q-p)e n ^^ .1 1 ^- - . /£■ + o(l) , n oo . (1.8) 
A/7rcr Ly do y "i J 

uniformly with respect to z. 

The notation o a (l) means that the term o a (l) goes to as n — > oo but the convergence 
to depends on a. As a simple consequence of the above results one obtains 

Corollary 1. Under the assumptions of Theorem 2 we have 

lim - log I(z,p, q; e n ) = h(m ) - S , (1.9) 

n— s>oo n 

therefore 

lim lim — log I (z,p, q; e n ) = h(mo) . 

S— >0 n— >oo n 
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Remark 1. If in the left-hand- side of (1.8) we take formally - = \/2n, then we would have 
the same order with respect to n in the right-hand- side and in the left-hand-side of (1.8). 
However, this leads to a remainder o a (l) for which we have no control as n — >■ oo since 
a depends of n. In this direction the result of Theorem 1 is sharper, since we study the 
summation only over the periodic points x with a n x = x. 

The above results have natural consequences for hyperbolic flows. Here we state explicitly 
some of them. Given a smooth flow ip t '■ M — > M on a Riemannian manifold M, denote 
by V the set of all primitive closed orbits of the flow, and for 7 e V let T 1 be the period 
(length) of 7. 

Let X = HP +1 /r be a hyperbolic manifold, where T is a convex cocompact Kleinian 
group of transformation in HP +1 , and let <p% : M — S*(X) — > M be the geodesic flow 
on the unit cosphere bundle of X (see Sect. 7). Fix a Markov family TZ = {Ri}^ =l for cp t 
over A consisting of rectangles Ri = [Ui, Si] such that the corresponding roof function r is 
non-lattice, set U = Uf =1 C/j and let a : U — > U be the naturally defined shift map (see 
Sect. 6 for details). Let P = P T G R be such that Pr(-Pr) = 0, where Pr is the topological 

pressure with respect to a, and let m be the equilibrium state of — Pt. Set a = r dm , 



and let a > be such that d Pr ^ ^l +lUT ^ 



u 



= — <Tq. We then prove the following 

u=0 



Theorem 3. There exists < p < 1 such that for every < 5 < -^p ; setting e n = e~ Sn 
(n e N), for any < z < a and any p < q we have 



#{x G U : a n (x) =x, z + na + pe n < T n (x) < z + na + qe n } ~ e p{z+na) ^ P ^ n (1.10) 



as n — > 00, uniformly with respect to z. Moreover, an analogue of (1.8) holds with f replaced 
by t, Y,\ by U and d = min^u t(x), d\ = max xeU r(x). 

The constant p in the above theorem is such that the estimate (6.2) holds with p and 
I/7 < p < 1 (see Sect. 6 for the definition of 7). Notice that for x 6 U with a n (x) = x, 
r n (x) is the length of a periodic trajectory passing through x, if n is the smallest integer 
for which we have a n (x) = x. Thus we may derive a lower bound of the number of periodic 
trajectories with primitive periods lying in the interval (z + na+pe n , z + na + qe n ) as n — > 00 
and we deduce a more precise result applying (1.8). 

A similar result holds for general hyperbolic flows over basic sets satisfying some regu- 
larity conditions (see Sect. 6). 

Our final result concerns open billiard flows in the exterior of several strictly convex do- 
mains K 1 , . . . , K K0 in R N , N > 2, satisfying some additional regularity conditions concerning 
the unstable and stable laminations through the non-wandering set (see Theorem 4 below 
and Sect. 8). Since this flows has a natural coding by using boundary components, in this 
case we get in a natural way results similar to Theorems 1 and 2 above. Namely, let A be the 
k,q x k matrix such that A(i,j) = 1 if i ^ j and A(i,j) = otherwise. Consider the space 
T,a of double sequences with entries in {1, . . . , k } (see Sect. 2). Given any £ = (£ 3 -)£L-oo 
there exists a unique billiard trajectory 7(£) in Q = Wl N \ {K\ U . . . U K K0 ) with reflection 
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points Pj(£) £ dK^,. Set /(£) = ||-Pi(0 — -^o (Oil? an d let m o be the equilibrium state of 
—Pff, where Pr(-Pff) = 0. Set a = a/ = J f dmo- As before, there exists o~o > such 
that 

d 2 Pr(-P f f + iuf) 



u=0 



ciw 2 

Finally, let P be the set of primitive closed billiard trajectories and let V n C V be the set of 
those primitive closed billiard trajectories 7 that have exactly n reflection points. Let e n be 
defined by (1.6). Set 

I n (z,p,q;e n ) = #{7 eV n - z + na +pe n < T 7 < 2 + na + ge n } . 

Then we have the following 

Theorem 4. Assume that the billiard flow ip t over its non-wandering set A has regular 
distortion along unstable manifolds, satisfies the condition (LNIC) and the local holonomy 
maps along stable laminations through A are uniformly Lipschitz (see Sect. 9 below). Then 
there exists So such that for < 5 < 5o for any < z < a, and any p < q we have 

I n (z,p,q;e n )~ e p ^+^ ( JL~ P) " n , n -> 00 , (1.11) 



uniformly with respect to z. Moreover, for any fixed a > 0, setting r = there exist 
constants C > and C\ > such that 

e P/(»+na) ( K <V ( 1 + 0a(l) ) 

< #{7 GP: 2 + na + pe n < T 7 < z + na + qe n } 

n^oo. (1.12) 



< e p f {z+na) {q - p)e n _ \c iy /a + o(l 
y/nnao L 



In particular, the asymptotic (1.11) and i/ie estimate (1.12) always hold when (ft satisfies the 
pinching condition (P) over A (see Sect. 8). 

In fact, the condition (LNIC) (stated in Sect. 9 below) follows from the result in |St4] 
assuming that the local holonomy maps along stable laminations through A are C 1 (not just 
Lipschitz). The latter is always the case if the pinching condition (P) (stated in Sect. 8 
below) is satisfied. As in Theorem 3, the constant 5q > in the above theorem depends on 
p e (0, 1) and I/7 e (0, 1) (see Sect. 6). 

A similar result holds for other hyperbolic flows for which estimates similar to (1.5) are 
satisfied (see Sect. 9). 

Sect. 2 contains a few basic definitions from symbolic dynamics. Sects. 3, 4 and 5 are 
the main sections in this paper - they are devoted to the proofs of Theorems 1 and 2. In 
Sect. 6 we consider general flows over basic sets (satisfying certain additional conditions) 
and prove analogues of Theorems 1 and 2 - see Theorem 5 there. The proof of the latter 
is essentially a repetition of the arguments used in Sects. 3-5 with minor changes only. 
Theorem 3 is derived as a consequence of Theorem 5 and Lemma 3 established in Sect. 7. 
Theorem 5 is also used in Sect. 8, where we prove Theorem 4. In Sect. 9 we describe the 
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main result in |St3j concerning strong spectral estimates for Ruelle transfer operators which 
is used essentially in Sects. 6-8. 

Acknowledgments. Most of this work was accomplished during our stay at the Centre Interfacultaire 
Bernoulli, EPFL, Lausanne, as part of the Program 'Spectral and Dynamical Properties of Quantum Hamil- 
tonians'. Thanks are due to the organizers of this Program and to the staff of the Centre Bernoulli for their 
hospitality and support. We also grateful to Richard Sharp for the information he provided to us concerning 
Lemma 1 below as well as for his remarks on the previous version of the paper. 

2. Preliminaries 

Let kq > 2 be an integer and let A = (A(i, j'))^°- =1 be a Kq x k q matrix of O's and l's which 
is aperiodic, i.e. A M has strictly positive entries for some M > 1. Consider the symbolic 
space 

E A = {(ijO^Loo : 1 < ij < K ,A(ij,i j+1 ) = 1 for all j }, 

with the product topology and the shift map o : E^ — )■ E^ given by cr((ij)) = ((i'j)), where 
= ij + i for all j. Given < 6 < 1, consider the metric d e on E^ defined by dg((,,r]) = if 
£ = f] and dg(£, rj) = 9 m if £j = rji for \i\ < m and m is maximal with this property. 
In a similar way one deals with the one-sided subshift of finite type 

= {fo)T= o : 1 < *i < «o, Mh, ij+i) = 1 for all j > }, 
where the shift map a : Ej^ — > Ejj is defined in a similar way: o~((ij)) = ((ij)), where 
i'j = ij + i for all j > 0. The metric dg on Ej^ is defined as above. Let it : E^ — > Ej[ be the 
natural projection. 

Let -B(E^) be the space of bounded functions g : E^ — > C. Given / G £?(Ej[) the Ruelle 
transfer operator Cf : -B(£j[) — >■ -£>(E^) * s defined by 

£ f g(0 = E e/(,?) ffo) > ^ G s a • 

Let J-e(E^) denote the space of aVLipschitz functions g : E^ — C with the norm 
11/11* =II/IL + 1/1* , where 

l f , / 1/(0-/(^)1 , cV+ \ 

If / G ^(Ej), then £y preserves the space J-e(E^). 

Definition 2. VKe say t/ie function f(x) on E^ zs non-lattice if there do not exist constants 
7o and 7i ; a function G G -B(E^) and an integer-valued function Z G F(Ej[,N) so iaai 

/(a) = (C7 o - G(x) + 7o + 7i^(x), Vx G E+. 
Given a real-valued F G J-e(E^) the topological pressure Pr (F) of F is defined by 



Pr(F) = sup 



h(n) + / Fd// 
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where Ai a is the set of all probability measures on invariant with respect to a and h(p) 
is the measure-theoretic entropy of p with respect to a (see e.g. [PPJ for more details). 
Notice that for small \u\ we may define the pressure Pr(F + iuG) for real-valued functions 
F,G G J-e(X^) since the Ruelle operator £p has a simple "maximal" eigenvalue (see Section 
4 and Proposition 4.7 in |PPj ). 



3. The case of a Markov shift 



3.1. Representations of S(n). Let a : E^ — > Y,\ be the shift on Ej^ and let the real- 
valued function / G J^(E^) for some 9 G (0, 1). 

Assume that / is non-lattice and that the Ruelle transfer operators related to / are weakly 
contracting, so that (1.5) holds. As in Sect. 1, let P = Pf be such that Pr(— P f) = 0, and 
let m be the equilibrium state of — P f so that 



h(m ) -P j fdm = Pr(-P /) = . 



Below we will write simply P instead of Pf since the function / is fixed in our considerations. 
Set a = J f drriQ and consider a sequence {e n }„ e N, e n > 0, e n — >■ such that 

e n = e~ Sn , (3.1) 



with < 5 < — ^jp, where p G (p\, 1) is the constant that appears in (1.5) and < p\ < 1 
is the constant from Lemma 2 below. Let x '■ K — > IR + be a C (k > 3), function with 
compact support. Set Xn( x ) — x( e n 1 ( a; — z )) and g = / — J f dm Q , and note that J gdrrio = 0. 
We will study the behavior of 

S(n) := Xn(9 n (x)) 

ISE^J , C7 n X=X 



1 f" ( YJ e'»»"W)x„W<i«, 



where x n (w) = e lzu e n x(e n u) and x(w) is the Fourier transform of x- Introduce the function 
Un{y) = e~ (v Xn(y) with £ = -P. Then 



and 



u n {u) 



S(n) 



- luy e-^ X n{y)dy = Xn(u-ii) 



e„,e 



izu ~-t,z 



X{e n {u-i£,)), 



e^u n (g n (x)) 



1 

2^ 



e P(z+na)^ 

2^ 

„P(z+na), 



E 



E 

p/"(i)+itij»(i) 



Co n (u)du 
X(e n (u - i£))du 
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where a > will be chosen sufficiently small and c>l sufficiently large. With this partition 
we have S(n) = I x , n + h, n + h,n- 

For periodic points we have the following Lemma which follows from the fact that 
Pr(— Pf) = and the proof of the statement (ii) of Theorem 5.5 in [PPJ. 

Lemma 1. There exists < 9\ < 1 and a > such that for \u\ < a we have 

e -Pf n (x)+iug n {x) _ e nPr(-P/+m 5 ) + Q^Of). 

a n x=x 

Our choice of £ = —P implies that £g = —P f + P a and 

nn Pna pn 

L, (^+iu)g ~ e *"-P f+iug ' 



Next we have 

dPr{-P f + iug) 



du u=o 
Moreover, since g is non-lattice, we deduce 

d 2 Pv(-Pf + iug) 



i / g dm = 



du 2 



u=0 



for some cr > 0. 

The representation of the sum 



^ e ~Pf l (x)+iug"(x) = e -ina g 



(-P+iu)f"(x) 



for \u\ > a is more complicated and we will use the so called Ruelle's Lemma in the form 
proved in [Wj. Let Xi be the characteristic function of the cylinder 



d = {q G Y,\ : rjo = i} , i = l, ...,« . 
Fix an arbitrary point G C%. Then we have the following 

Lemma 2. There exists a constant pi G (0, 1) such for a > and b > and every e > 
t/iere eaxst constant C e > so that for \t\ < a , \u\ > &o ^ e /iai>e t/ie estimate 

/to n 

| £ - < C7e|«| e^ +P ^))) (3.2) 

<r n x=a: i=l m=2 

/or a// nGN. 

This lemma was proved in [WJ generalizing and completing some points of the proof of 
a similar lemma in |PS2] and [N] proved for surfaces and C 1 regular foliations. In our case 



we treat manifolds with arbitrary dimensions and (3.2) is established in |Wj for functions 
/ G J-g(S^). Notice that in the setting of Sect. 6 we can choose p\ = I/7, where 7 is as in 
(6.1). 
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4. Asymptotic of S(n) 

4.1. Asymptotic for \u\ < a. We start with the analysis of Ji jTl . Choosing a > sufficiently 
small and changing the coordinates on (—a, a) to v — we can write 

e P ^ +i ^ = (l-v 2 + iQ(v)), 

where Q(v) is a real-valued function such that Q(v) = 0(\v | 3 ) (see Lemma 1.2 (3) in |PS5] 
and Proposition 2.2 in [PS6]). 

Modulo terms involving 0(n9i), the term 7i )7l has the form 



r _ P(z+n«) e nV2 f -iu(v)z 
-* l,n / 
2vrao 7-6 



(1 - + iQ(t;)) n l x(e n («(u) + «P))cfe 



with 6= and«(t;) = We have x(e n (u(v) p )) = + e nO{l + \v\) and e ~ iu ^ z = 
1 + O z (\v\). The leading term of I\ yn becomes 



c P(z+na) e n 



2na J_ b K ! 2vrao J w 1 / 2 



Next 



lo 



as n -> +oo. Here we use the formula 



V ; Y{n + l + \q) 



and apply the Stirling approximation for Y(m). 
On the other hand, 



|(1 - v 2 + C(M 3 )) n - (1 - v 2 ) n \ < Const 5^0^(1 - v 2 ) n ~ j a j \v\ 3j 

i=i 

and we can estimate the integral of the right-hand-side by O(-). We refer to |PS1] for the 
details of this calculation. The integration of the perturbation 0{n9'1) yields a negligible 
term and we conclude that 



h, n ~ e p ^ z+n ^ , rw+oc. (4.1) 



Notice that x(0) = / x(v)dy > 0. 
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j _ c P(z+na) 6 r 

Jin — e — 



2tt 



a<|ii|<c 



e -iuz £ 

1=1 



-Pf+iug 



Xi{xi)du 



with c^> 1 sufficiently large which will be chosen below. 
Notice that 

nn —inua nn 

*--Pf+iug — e t^-Pf+iuf- 

Since —Pf is non-lattice, for < a < \u\ < c the operator C^pf +iu f has no eigenvalues 
/z, = 1 (see for instance |PPj ) and the spectral radius of C^pf + i U f is strictly less than 1. 
Thus, there exist = (3(a, c), < (3 < 1 and C a)C > such that we have 

\\£ n -P f+ iuf\\e < C a>c p n , a<H<c,VneN. (4.2) 

On the other hand, 



\x(e n (u - if)) I < C v 



\u\ > a, m £ N, m < k , 



(4.3) 



with Co > depending on the support of \- Using (4.2) and (4.3) with k = 0, for large n we 
get 



2n 



du < C>,c, X )e P{z+na) e n f3 n . 



a<\u\<b 



Next to estimate the sum in the right hand side of (3.2) we choose e small and we increase 
< (3 < 1 , if necessary so that = 9 2 < 1. Therefore, 



3=2 j=2 



< cur- 



and we repeat the argument for the estimation of J^ n . Finally, we get 

h,n = o(e p{z+na)er 



-n 

n 



(4.4) 



4.3. Asymptotic for \u\ > c. We apply lemma 2 with t = —P. In this case Pr(— Pf) = 
and we must examine 

«0 



'3,n 



27T 



-m(z+na) 



X(e n (u - if)) £"-P+tu)/Xi 



;i ; 



+a(|w|^||£"_|, +iu)/ || e (pie' 



— J n . 3 + i? n 3 . 



i=2 



It follows from (1.5) that if c is large enough we have for \u\ > c and every v > the 
estimates 



I r n I -i- 



< A,p n «, Vn e N. 



(4.5) 
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We choose rj > and v > small enough in order to arrange -6 > Jf^ + 77. Then 

£ 3+^ _ e -<5(3+^)n pn e ^(3+!^)n 



For the sum over z = 1, kq we apply (4.5) with v to estimate the ||.||oo norm and for large 
n we get 

AuP n j |w|1x(e„(« - < ^e-"^)" / e>|x(e n (u - z£))|du 

7|u|>c 7|u|>c 

1 /* 1 

< - / Mlx(y-^nOI*/=<9(-) • 

The integral involving J2m=j ll^-p+iu)^ 9 ^ 1 ^)^ * s dealt in the same way. First for 

e small we arrange the inequality 

Pie e 



03 < 1 



P 



increasing, if it is necessary, < p < 1 in (4.5). Then we have 

n n 

c t \ u \ \\^y p+iu)f u Pl ey < c e M 2+v p n J2^ ^ C ',M 2+U p n - 

3=2 i=2 

Consequently, 

\R n ,s\ <e p ^^C' u [ p n \u\ 2+ "\x(e n (u - it))\du 

171 J\u\>c 

< e p ^^ u e-^ n [ e n {e n \u\) 2+u Wn{u - H))\du 

ll{ J\u\>c 

and for large n we get 

C'^e-^ +v > J \y\ 2+ "\x(y - ie n £)\dy = o(±). 
Thus, we conclude that 

Consequently, for n — > +00 we obtain the following 



1 

n 



Proposition 1. Let f be non-lattice and such that the Ruelle transfer operators related to 
f are weakly contracting. Let e n = e~ Sn , where < 5 < — ^jp with < p\ < p < 1 such that 
(4.5) holds. Then 

S(n) ~ e P(^a)^_ f x{y)dy ^ n ^ +oc> (4 6) 

V 2mra J 

Now it is easy to pass from x £ Cq(M.) to an indicator function l\p, q ] of the interval [p, q] 
repeating the argument in [PS5]. For completeness we give the proof. Given rj > 0, choose 
cut-off functions \~ 1 X + so that x~ < 1^ < x + an d 

q — p — rj < / x~(x)dx < / x + ( x )dx < q — p + V . 



DISTRIBUTION OF PERIODS OF CLOSED TRAJECTORIES 13 

Using (4.6), we get 



'Ti 

limsup nhlmn) e Fix (°~") : z + na + pe n < f n (x) < z + na + qe n } 



^ limsu P^)T E xt{g n {x))<e 



e nh(m ) €n ^ AnU, V ,,- , 



lim inf — r7 — ; — #{a; G Fix(<r n ) : z + na + pe n < f n (x) < z + na + qe n } 

n— >-+oo e ^ m °'€ n 

> liminf — ^— V ^(s)) > e p * q -lr V . 

— n ^_|_oo P nh(m )f: _ An w v >> ~ . 



a n x=x v 

Since r/ > is arbitrary, we deduce that for any zeRwe have 



#{x G Fix (a n ) : 2 + na + pe„ < f n (x) < z + na + qe n } ~ e p(z+ " a) ^= P ^ ra . (4.7) 

^/2l^o^o^/n 



Moreover, the asymptotic is uniform for z in a compact interval. This proves Theorem 1. ■ 
To study the distribution of primitive periods we need to examine the function 

Smin(n) := y ^[z+pe n ,z+qe n ](g n (x)) , 

a n x=x, n minimal 

where the summation is over all points x G £^ such that n = min{m G N : u m x = x}. For 
this purpose observe that 

#{x G Fix (<7 n ) : z + na + pe n < f n (x) < z + na + qe n } 
= S min {n) + y l [z+pen>z+qen] (g km (x)) = Sminin) + S r {n) . 



cr m x=x , m minimal 
n/m — keH, k>2 



Any a; G Fix (cr n ) defines a periodic n-orbit 7 = {cr 7 '^) : < j < n — 1}. We will say 
that 7 is primitive if n > 1 is the smallest integer with <j n (x) = x. The number T 7 = f n (x) 
will be called the f -period of 7. Let P n be the set of all primitive periodic n-orbits. 

For the /-periods of primitive periodic n-orbits 7 e P n , we must divide by n since 7 
contains n points in Fix (<x n ). Thus, by (4.7) we get an upper bound 

#{7 G V n : z+na+pe n < T 7 < z+na+qe n } < e p{z+na) P ^ n (l+o(l)), w -» 00. (4.8) 

v27ro"onvn 

To obtain a lower bound, we assume that h(m ) > 5 where h(m ) = Pa. Notice that 
Sminin) > e p ( z+n ^-^-((q-p) - o(l)) - S r (n), n +00. 

Thus it is sufficient to have an upper bound for S r (n). Consider a term in S r (n) having the 
form 

G n ,m= E 1[z+pe n ,z+qe n }{g km {x))- 

<7 rn x — x , m minimal, 
n/m= k,k>2 
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with some fixed divisor m G N of n. Then for a m x = x we get g km (x) = kf m (x) — kma and 
for large n we have 

z z p z q z 

- + ma - e m < - + ma + -e n < / (x) < - + ma + -e n < - + ma + e m . 

rv rv rv fv rv rv 

We choose 77 > so that < r] < h(m ) — 5. Next we fix an integer ko e N such that 

< < h(m ) -6-rj. (4.9) 

k 

Consider two cases: (i) 2 < k < ko, (ii) k > k$. In the case (i) we have m — ^ > ^ — > 00 
as n 00. Since 

i [2+P e„, 2+ ^](^ m (x)) < i [f _ em>f+em] (<r(*)) , 



we can apply (4.6) with m replaced by n and p = —1, q = 1. Thus, 

G nm < e ^/ fc+ma )— (1 + o(l)) < e ft e ( h N-01 /^V a + o(l)) 

V27ra 0y /m ^naoy/n 



PTk~ 
VTrcroVn 



where < 2yU < h(m ) — 5. Summing over 2 < k < k , we obtain 

£ G n , m < e ^) £ri e-^ (^o-l)^ (1 + o(1)) (4 1Q) 



2<k<k v uv 



< S^e^-— (l + (l)). 



Passing to the case (ii), notice that for k > ko we cannot guarantee that m = n/k goes 
to +00 as n — > 00. For this reason we apply a crude estimate for the number of /-periods 
T 7 of periodic rays 7. Namely, since / is non-lattice, we exploit the estimate for the number 
of primitive periods 

e h T x 

#{T 7 < X} ~ j—, X OO, 

where hx > is the topological entropy of the suspended symbolic flow related to / (see 
[PPJ). This estimate is based on the analysis of the behavior of the following dynamical zeta 
function 



00 



n 

n=l <r n x=x 

(see for instance, [PP] ) . Notice that in our case the abscissa of absolute convergence of Z(s) 
is exactly hx = Pa. Thus, for < ^ < ^, qe n < q we get 

Z 71 6 

#{7: T^<- + -a + qe n }<C qM j^(l + o(l)) , n ->• 00 . 

k 
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Summing over fc < k < n/2 and taking into account (4.9), we obtain 



k <k<n/2 



2/i(mo) 



1 + o(l)) < ^ fco e^ a e n e- n "(l + o(l)), n -> oo. (4.11) 



Combining (4.10) and (4.11), we deduce 

<? • frj^ > P p ( 2 +™ Q ). 

kJ min\'<') — ° 



-((g-p)-o(l)). 



V27rncTo 

Finally, in S min ( n) every periodic primitive orbit is counted n times and we obtain the 
asymptotic (1.11) for < 5 < min{ — -^p, h(mo)}. 

Remark 2. The analysis in this section follows the approach in |PS5] ; Section 4. However, 
the argument in [PS5J exploits Lemma 4.2 there which is not proved and it seems that in that 
form the lemma is not correct. Our arguments are based on Lemmas 1 and 2 above. More- 
over, the investigation of the case \u\ > c with exponentially decreasing e n seems impossible 
without using strong spectral estimates of the form (1.5). 

5. Asymptotic of S(n,m) 

In this section we study the counting function of primitive periodic orbits related to 
a m x = x and having /-periods in the interval [z + not + pe n , z + not + qe n ], < z < a. Let 

do = min f(x), d\ = max/(i). 



The non-lattice condition on / implies d < d\. We assume in this section that 5 in (3.1) 
satisfies 

(logp) a 



0<5< 



Mi 



(5.1) 



If 7 is a primitive periodic orbit with m points such that z + na+pe n < T 7 < z + na + qe n , 
then mdo < T 7 < md\ and 

na , /rv , ^ z + na+pe n z + na + qe n (n + l)a , , , . 

— + 0{e n ) < < m < < h 0{e n ). (5.2) 

CL\ CL\ UQ UQ 

Introduce the function 



Xn,m(x) = x({ X - Z - na + ma ) e n 1 ) 



and note that Xn,m(u) = e lzu e t(jl m ^ au e n x(e n u). Next consider the sum 



Using the notation of the previous section, we get 



S(n, m) 



2tt 



E 



(^+iu)g m (x) \ —i(n—m)au —iuz—S } z —^(n—m)a 



X{e n (u - ii))du. 



We consider three zones of integration: \u\ < a, a < \u\ < c, \u\ > c, where a is small 
enough and c is sufficiently large. 
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Repeating the argument of Section 4, we must study for sufficiently small b > the 
integral 

(f - v + iQ(v)) e a o e y ' "o xi e n{ — v-i^))dv. 



-b 



The only difference is the presence of the oscillatory factor 



—i(n—m)at — v 



(5.3) 



Notice that the leading term becomes 

r-b 



X(0) I (l-v 2 ) m e- i{n - m)a ^ v dv = 2x(0) I {I - v 2 ) m cos[in - m)a^v^dv 



for m satisfying (5.2). We will obtain a lower bound for number of the periods taking into 
account only the /-periods of periodic orbits related to a m x = x for which 

7T 



\n — m\ < 



Aaa 



For such m we get 



(i -v 2 ) m cos((n-m)a — v)dv > — \ (l - v 2 ) m dv 

\ (Tq / \/9. In 



V2 



V2 



'-jo 



(l-v 2 ) m dv- / (l-v 2 ) m dv 



^L + o((l-b 2 ) m ), m-* oo. 
'2m V / 



Setting r = we have 



2 * — ' x /m 

n—-<m<n+- 



n + 



r\V2 



(7 



n 



= V2~7m 
On the other hand, 



r \V2 



1 + — 

an/ 



an 



1/2 



27rr 



awn 



\ri\/n 



, n — > oo. 



^ (l-6 2 ) w <C(r,a)exp(nlog(l-6 2 )). 

n— -<m<n+- 

a — — a 

To obtain an upper bound for I m ,n, note that 



7T 



m 



< 2 v / vm 



a / a 



do yd 



n — >• oo. 
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The analysis of lower order terms goes without any change and we obtain 

e p ( z+na h n x(0) 2r 



< 



e p( - z+na h n x(0)2V^i 



a/7T(To 



( 1 + °°(,^))^ 

\n 



(5.4) 





The integral over b < \v\ < c can be treated as in Section 4 since we have a factor e n and 
m — > oo. In the analysi s of the integral ov er k ?| > c we must take into account that for the 
operators C™pj +iu f in (3.2) the estimate (1.5) gives a decay with p m ~- ? and not with p n ~K 

na 

On the other hand, m > ™ + (9(e n ) and the assumption (5.1) imply p m < Cp d i < e„e _r??1 
with some n > 0. Thus the analysis in the previous section goes without change and the 
integral over \v\ > c yields negligible terms. 

To pass to an indicator function, we exploit the same argument as in the previous section 
to get 



< e 



P(z+na) 



e P(z+na) e 

'7ina 
(q — p)2\/2n / la 
d 



^J--(l + o a (l))<I(z,p,q;e r 



(5.5) 



This completes the proof of Theorem 2. 





+ o(l) 



n — > oo. 



Now we pass to the analysis of the counting function 



E 



[z+na+pe n ,z+na+qe, 



]IP(Z))- 



f7 m x — x m minimal 



As in the previous section we write S m i n (n,m) = S(n,m) — S r (n,m) and we will find an 
upper bound of S r (n,m). To do this, we will apply an argument similar to that used in 
Section 4 and we sketch below the necessary modifications. Let 

a s (x) = x, s minimal, m = ks, s G N, k > 2 , 

and let n = kt + I, t G N, < I < k - 1. Then f m (x) = kf s (x) and z + na + pe n < f m {x) < 
z + na + qe n for large n implies 

z + la „„. . z + la 

-^T- +ta-e t < f s {x) < — — + ta + e t . 

We consider two cases: (i) 2 < k < ko, (ii) k > k$ and we choose ko large enough in order 
to have (4.9). In the case (i), for fixed m satisfying (5.2), we consider the divisors s of m 
with a s (x) = x and we apply (??) with p — — 1, q — 1, replacing n by t and z by ^r^. This 

n I n 

k k — fco 



is possible since t = — ^>^ — 1— > oo as n - > oo. Thus we obtain an upper bound with 
order O ^e h ^ n ° >t et J < (9^e < - ?t< - mo - )_5 - ) ? J since t < n/2. Then we repeat the argument in Section 
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4 and get a negligible term. For k > ko we apply again a crude estimate 
#{7 : T 7 < - + -a + |ej < C 2j(?ifco — (1 + o(l)) 



and we exploit (4.9). Summing with over 2 < k < , and then over m < ^ n ^° we 

obtain an upper bound for S r (n,m) and we conclude that S r (n,m) yields a negligible term. 
Consequently, for S min (n,m) we deduce the same estimates as in (??). For the counting 
function of the primitive periodic rays in V we must divide the upper bound of S min (n, m) 



by ^ and the lower bound of S m i n (n, m) by ^ ■ Thus we obtain the estimates (jl. 12 



6. General hyperbolic flows over basic sets 

Let (p t : M — > M be a C 2 Axiom A flow on a C 2 complete (not necessarily compact) 
Riemannian manifold M. A ^-invariant closed subset A of M is called hyperbolic if A 
contains no fixed points and there exist constants C > and < A < 1 such that there 
exists a (/(^-invariant decomposition T X M = E°(x) © E u (x) © E s {x) of T X M (x G A) into 
a direct sum of non-zero linear subspaces, where E°(x) is the one- dimensional subspace 
determined by the direction of the flow at x, \\dip t (u)\\ < C A* ||w|| for all u G E s (x) and 
t > 0, and \\dipt(u) \\ < C A~* for all u G E u (x) and t < 0. Here || • || is the norm on T X M 
determined by the Riemannian metric on M. 

A non-empty compact (^-invariant hyperbolic subset A of M which is not a single closed 
orbit is called a basic set for (p t if (p t is transitive on A and A is locally maximal, i.e. there 
exists an open neighbourhood V of A in M such that A = r\ t< =m.(pt{V) ■ When M is compact 
and M itself is a basic set, <fi t is called an Anosov flow. 

Let A be a basic set for tp t . For x G A and e > sufficiently small, let 

W:(x) = {yeM: d((p t (x), (p t (y)) < e for all t > , d((p t (x), <p t (y)) } , 

W:{x) = {yeM: d((p t (x),(pt(y)) < efor all t < , d((p t (x), <p t (y)) -^->-oo } 

be the (strong) stable and unstable manifolds of size e. Then E u (x) = T x W^(x) and E s (x) = 
T x W e s (x). 

Throughout this section we will assume that A is a basic set for cp t such that the local 
holonomy maps along stable laminations through A are uniformly Lipschitz (see Sect. 9 
below). Following |R1] . a subset R of A will be called a rectangle if it has the form 

R=[U,S] = {[x,y}:xeU,yeS}, 

where U and S are admissible subsets of W™(z) D A and W*(z) fl A, respectively, for some 
z G A (cf. e.g. [DJ or Sect. 2 in [St3]). For such R, given £ = [x,y] G R, we will 
denote W£(0 = : x' G U} and = {[x,y'} : y' e S} C W s J(x). Denote by 

Int M (f7) (resp. Int s (5i)) the interior of the set U in Wf(z) n A (resp. VK e s (z) n A) and set 

Int(i?) = [Int"(lO,Int s (S)]. Similarly, for £ = [x,y] e R set Int u (W£(0) = [ Int,1 ( [/ )^] and 
lnt s (W u s R (0) = [x,lnt s (S)]. 

Let 7?. = {i?j}j fc =1 be a family of rectangles with Ri = C/j C W^(z,j) fl A and 

5j C VK/(zi) fl A, respectively, for some ^ G A. Set R = U k i=l Ri . The family K is called 
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complete if there exists T > such that for every x G A, (ft(x) G R for some t G (0,T]. The 
Poincare map V : R — > R related to a complete family TZ is defined by V(x) = <p T ^(x) G R, 
where t(x) > is the smallest positive time with ip T ^(x) G R. The function r is called the 
first return time associated with TZ. Notice that r is constant on each of the set W^.(x), 
x G R{. A complete family TZ = {Ri}f =1 of rectangles in A is called a Markov family of size 
X > for the flow (p t if diam(i?j) < \ for all % and: 

(a) for any i ^ j and any x G Int(i?j) fl V~ 1 (lnt(Rj)) we have 
V(lnt s (W s Rt (x))) C Int s (^4(P(x))) , P(Int u (W£(s))) D Int u (W% (7>(s))) ; 

(b) for any % ^ j at least one of the sets Ri fl <P[o, x ](Rj) an d -Rj D y?[o iX ](.Rj) is empty. 

The existence of a Markov family TZ of an arbitrarily small size x > for <^ follows from 
the construction of Bowen jB] (cf. also Ratner |Raj ) . 

Let TZ = {Ri}j =1 be a Markov family for ip t over A. Setting U = U k l=l Ui, the s/w/t map 
a : U — > U is defined by o = p o V, where p : R — > U is the projection along the leaves 
of local stable manifolds. Let R be the set of all x G R whose orbits do not have common 
points with the boundary of R. Set U — U D R. It is well-known ([B]) that R is a residual 
subset of R that has full measure with respect to any Gibbs measure on R. The same applies 
to U in U. 

Denote by C{U) the space of bounded continuous functions h : U — > C with the usual 
norm ||/i||oo = sup^ec/ 1^(^)1- Notice that r is continuous on U, however in general r could be 
discontinuous on U. Next, denote by C^^(U) the space of Lipschitz functions v : U — > C. 
For such v let Lip(t> ) denote the Lipschitz constant of v, and for u G K, u ^ 0, define 

n n n n Lip(u) .. .. .. .. T . , . 

l^llLip,tt= IMU+ 1 ■ , |MlLip= IMU + Lip(w) . 

Remark 3. The function t is locally Lipschitz on R in the following sense: there exists a 
constant Lip(r) > such that if x,y G Ri for some i and a(x),a(y) G Rj for some j, then 
\t(x) — r{y)\ < Lip(r) d(x,y). The map V has a similar property. Moreover, it is easy to see 
that for any h G C U P(U) and any s G C the operator Lh+ S r preserves the space C Lip (£/). 

The hyperbolicity of the flow on A implies the existence of constants Co G (0, 1] and 
71 > 7 > 1 such that 

c o7 m d( Ul , u 2 ) < d(a m ( Ul ),a m (u 2 )) < ^d( Ul , u 2 ) (6.1) 

c 

whenever o~i(ux) and a^{u2) belong to the same C/j. for all j — 0, 1 . . . , m. 

From now on we will assume that A is a fixed basic set for cp t and TZ = {R{\^ =1 is a fixed 
Markov family for <p t over A consisting of rectangles Ri = [Ui, Si]. Let A = (Aij)^j =1 be the 
matrix given by Aij = 1 if V(lnt(Ri)) D Int(Rj) 7^ and Aij = otherwise. It is well-known 
([BR]) that the Markov family TZ can be chosen so that r is non-lattice. From now on we 
will assume that TZ is chosen in this way. 

Given a Markov family TZ, one defines a natural symbol space Syi and a natural map 
W : S_4 — > R such that W o o = V o W, where a : S_4 — > S_4 is the shift map. However, in 
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general W is not one-to-one and this presents certain difficulties in trying to apply Theorems 

1 and 2 to count numbers of periodic orbits in A. Instead of using the symbol space and 

the coding map W, here we just use the arguments from the proofs of Theorems 1 and 2 in 

a slightly different setting to derive similar results. 

Using the setup in Sect. 1, let P = P T G R be such that Pr(— Pt) = 0, where Pr is the 

topological pressure with respect to a : U — > U, and let m be the equilibrium state of 

^ m. , , , d 2 P(-PT + iur) 

—P r. Since r is non-lattice, there exists cr > such that — 



du 2 

As in Sect. 1, set a = / r dm . 

Ju 

In the present setting the analogue of Definition 1 reads the following 



M=0 



Definition 3. We will say that the Ruelle transfer operators related to a real-valued function 
f G C Lip (£7) are weakly contracting if for every e > there exist constants a Q > 0, p G (0, 1) 
and A > (possibly depending on f and e) such that 

||^_ P/+m)/ l|| LiPitt < Ap>| e , \u\>a Q , (6.2) 

for all integers n > 0. 

Set do = mf xe u r ( x ) an d d\ = sup x£U t(x). The following theorem comprises the ana- 
logues of Theorems 1 and 2 in the present setting. 

Theorem 5. Assume that the Ruelle transfer operators related to r are weakly contracting. 

(a) Let e n = e~ 5n with < 5 < -^p, where < I/7 < p < 1 and (6.2) holds with p. 
Then for any < z < a and any p < q we have 

§{x G U : a n (x) = x , z + na + pe n < r n (x) < z + na + qe n } ~ e p{z+na) ^~ P ^ n (6.3) 

as n — > 00, uniformly with respect to z. 

(b) Let e n = e~ Sn with < 5 < — ■ Then for any < z < a, any p < q and any 
fixed a > 0, setting r = we have 

e P(^a) {q _ p) e „— ^— — [l + 0a (l))) < I(z,p, q- e n ) 



2V2n 

uniformly with respect to z. 




< e P(*+na) {q _ p)en q^o a +o(l) ^ n ^ QO) (g4) 

V "1 



Proof. This is a repetition of the arguments in Sects. 3, 4 and 5. Here we give a very brief 
sketch of these for completeness. In the present setting R plays the role of and U that 
of Moreover, / = r, which is constant on stable leaves of rectangles Ri (i.e. / depends 
on future coordinates only). In general, r is not continuous on U, however as mentioned in 
Remark 2 above, L ST preserves the space C Lip (£/) for any s G C. 
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Next, set g = r — / r dm , choose the function \ as in Sect. 3, and define Xn, S n and 
Ju 

u n as in Sect. 3.1, where h T = P is the topological entropy of (p t on A and £ = —h T . 
Lemma 2 applies in the present setting without change, so we have the inequality (3.2), as 
well with ||£(_p /+ j tl )/||6i replaced by ||^(-p 7 +m)/||Lip- The argument at the end of Sect. 3 
applies without change. 

Next, the analytic arguments in Sect. 4 also apply without change and for / = r the 
argument in Sect. 5 works without any change. ■ 



7. Geodesic flows on manifolds of constant negative curvature 

Let X be a complete (not necessarily compact) connected Riemannian manifold of con- 
stant curvature K = — 1 and dimension dim(X) = n + 1, n > 1, and let tp t '■ M = S*(X) — > 
M be the geodesic flow on the unit cosphere bundle of X. According to a classical result of 
Killing and Hopf, any such X is a hyperbolic manifold, i.e. X is isometric to HP +1 /T, where 

W l+l = {(x ll ...,x n+l )eR n+1 :x 1 >0} 

is the upper half-space in M n+1 with the Poincare metric ds 2 (x) = ^{dx\ + . . . + dx^ +1 ) and 

T is a Kleinian group, i.e. a discrete group of isometries (Mobius transformations) of HP +1 . 
See e.g. [Rate] for basic information on hyperbolic manifolds. Given a hyperbolic manifold 
X = H n+1 /r, the limit set L(T) is defined as the set of accumulation points of all T orbits 
in dW n+1 , the topological closure of <9HP +1 = {0} x IR n including oo. 

Throughout this section we will assume that T is torsion-free and finitely generated (then 
T is geometrically finite) and non- elementary, i.e. £(r) is infinite (then L(T) is a closed non- 
empty nowhere dense subset of dH. n+1 without isolated points; see e.g. Sect. 12.1 in [Rate] ). 
A geometrically finite Kleinian group with no parabolic elements is called convex cocompact. 
If X is compact, then V is called a cocompact lattice. 

The non-wandering set A of <p t : M — > M (also known as the convex core of X = 
HP +1 /T) is the image in M of the set of all points of 5*(EI n+1 ) generating geodesies with end 
points in L(T). When V is convex cocompact, the non- wandering set A is compact. 

From now on we will assume that T is a non-elementary convex cocompact Kleinian 
group. 

As in Sect. 6, let 1Z = {Ri}^ =l be a fixed Markov family for tp t over A consisting of 
rectangles Ri = [Ui, Si] such that the corresponding roof function r is non-lattice. Let 
P = P T G M be such that Pr(-Pr) = 0, where Pr is the topological pressure with respect to 

a : U — > U, and let mo be the equilibrium state of —Pr. Set a = [ rdrno, and let oo > 



Ju 

be such that d Pr( '" rf „2 +tttr ^ 
Lemma 3. The Ruelle transfer operators related to r are weakly contracting. 



Now Theorem 3 follows from Lemma 3 and the arguments in Sect. 3-5 as we have 
obtained Theorem 5 in the previous section. 
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Proof of Lemma 3. We will use an argument from [St5j. Let p : H n+1 — > X = HP +1 /T 
and p : S'*(EI n+1 ) — > M = S*(X) be the natural projections. Consider the geodesic flow 
4> t : S*(H n+1 ) — > S*(M n+1 ) on H n+1 . Recall that the geodesies in M n+1 are either straight 
lines perpendicular to <9HI n+1 = {x G IR n+1 : x\ = 0} or semi-circles with centers in dM. n+1 
whose planes are perpendicular to dM n+1 . 

It is known that the non-wandering set A C M of ft has the form A = p(A), where A is 
the set of those x G S'*(EI n+1 ) such that both lim^oo 4>t(x) and lim^.oo 4>t{x) belong to the 
limit set L(T) of the group T. The assumptions made above imply that L(T) is a non-empty 
T-invariant closed subset of dM. n+1 without isolated points (see Ch. 12 in |Ratcj ). 

A horosphere in H n+1 is either an n-sphere in H n+1 tangent to <9HF l+1 , or an n-plane in 
HP +1 parallel to dM. n+1 . Let S be a horosphere and x G Sr\M. n+1 . If S is an n-sphere, denote 
by i>s(x) the outward normal to S at x with ||^s(a;)|| = 1/xi, while if S is an n-plane, set 
i>s(x) = — ^- e\ = ^- (—1, 0, . . . , 0). The stable and unstable manifolds for z = (x, us(x)) in 
5'*(EI n+1 ) are given by 

W s (x) = {(y,-u s (y)):yeSnm n+1 } , W u (x) = {(y, u s {y)) : y G S n H n+1 } , 

so obviously the local stable and unstable foliations are smooth. The projections of the latter 
via p give the local stable and unstable foliations in M. 

It is also straightforward to check that ft has uniform distortion along unstable manifolds 
over A. 

To check this it is again enough to work on the universal cover EI n+1 . Let z = (z, C) G 
S"*(EI n+1 ) and t > 0. Since the isometry group of H n+1 is both point and direction transitive, 
we may assume that z = (1, 0, . . . , 0) and ( = —e\. Then 

W\z) = {(y, - ei ) : 2/1 = 1} , W u (4> t (2)) = {(w, -e~* e l ):w 1 = \- e"'} . 

Obviously, for any smooth curve 7 in W u (z) of length i^, the length of ^(7) is exactly e l ■t 1 . 
Thus, for any x,y G W u (z) \ {z} we have = . Since p is a local isometry 

conjugating the geodesic flows ft and <pt, it follows that ft has uniform distortion along 
unstable manifolds over A. 

It remains to check the condition (LNIC) of Sect. 9 below. Again we will work on the 
universal cover HP +1 . 

Let 9q > and assume eo G (0,1). Fix an arbitrary G A. Replacing the group 
T by a conjugate of its, we may assume that 2^°) = (x^°\—ei), where = 1 and e% = 
(1, 0, . . . , 0) G H n+1 . Then W^{z^) is a subset of 

W = {(x, -ex) G S*(H n+1 ) : Xl = 1} , 

and E u (z^ 0) ) can be naturally identified with dU n+1 = {0} x E n . 

In what follows for any x = (x±, . . . , x n+ \ we denote x' — (0,X2, ■ ■ ■ , x n +x) G 

dM n+1 . 
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Consider an arbitrary z = (x, —e%) E AnW close to z^°\ and let b E dW n+1 be a direction 
of A-density at z, \\b\\ = 1. Setting 

1 



e = min{e /2, 6 /U} < 
the above implies the existence of (y, —e\) E A n W \ {z} such that 



(7.1) 



\y — x\\ < e 



y-x 



\y ~ x\ 



< e 



Similarly, there exists z = (x, G A PI W \ {z} such that 



\x — x\\ < e\\y 



x 



X 



-b 



\x — x\ 



< e \\y 



and x' is a fixed point of a hyperbolic (loxodromic) element g of V (see e.g. Sect. 12.1 in 
|Ratcj ). Fix y and z = (x, — ei) with the above properties. We then have 



y 



x 



\y 



X 



< 3e . 



(7.2) 



Next, changing the coordinate system in HP +1 if necessary we will assume that x = 
(1,0, ...,0). Then g has the form g = kA for some k > 0, k ^ 1, and an orthogonal 
transformation A in dW n+1 . Replacing g by g~ l if necessary, we will assume that k > 1. 
Considering the minimal A-invariant linear subspace of <9HI n+1 = IR n containing b, one derives 
that there exists an infinite sequence 1 < mi < m 2 < . . . < m p < ... of integers such that 
A mp b — > b as p — > oo. Choose p sufficiently large so that ||A mp 6 — 6|| < e and set m = m p 
and q = g m (y')- Since y' G L(T) and L(T) is T-invariant, we have q G L(T). We will assume 
m = m p is chosen so large that 

|| g || = k m \\y'\\ > 1 . 

With this choice of q we have 

|| ff /|M| - 6|| < -k . (7.3) 
Indeed, using the choice of m and (7.2) it follows that 

\\q/\\q\\ ~ b\\ < \\A m y'/\\y'\\ - A m b\\ + \\A m b - b\\ < \\y'/\\y'\\ - b\\ + e < 4e , 

which proves (7.3). Fix m and q with the above properties. 

Next, denote by S the horosphere in HP +1 of radius 1/2 at and by Sq the horosphere 
at q externally tangent to S. Then x G S and W^(z) coincides with (a certain part of) the 
inward unit (with respect to the Poincare metric) normal field to S. Let R be the radius 
of 5*0 and u be the tangent point of S and Sq. Then y — (u,£) G W^(z) for some vector 
^ (assuming that and therefore R is chosen sufficiently large), and W™(y) coincides 
locally with the outward unit normal field to So. Notice that lim^oo <pt{y) = G L(T) and 
linif^-oc 4>t(y) — q G L(T), so the definition of A implies y G A. 



Set e' 
and h G 



e and consider an arbitrary z 



ix, 



-ei) G W?(z); then llx'!! < e. Let a G <9H n+1 



be such that 



1, (a, 6) > #o and < e. We will now show that (9.1) 
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(see Sect. 9 below) holds with 5 = J^n, yi — y and y 2 = z. (Then A(exp"(i>), 7Ty 2 (z)) = 
A(exp»,7r 5 (z)) = 0.) 

Let S be the horosphere of radius 1/2 at x' ; then locally W^ o (z) coincides with the inward 
unit normal field to S (see Figure 1). So, for o = ~Ky{z) = [z,y] = W*(z) D 0[_ £je ](W"(y)) 
we have cr = (i>, 77) for some v & S and ^(cr) G W e "(y). Thus, if Si is the horosphere at 
x' tangent to S (necessarily at the foot point of 0^(0")) and r 1 is the radius of S'i, then 
t\ = ln(2ri). On the other hand, by elementary geometry, (R + ri) 2 = \\q — x'\\ 2 + {R — r\) 2 , 

so T\ = || q — x'\\ 2 / (4i?) and therefore A(z, y) — t± — In 



q—x 



2R 



q—x' — ha\\ z 



In the same way for u = exp z (ha) = (x + ha, — e\) one obtains A(u,y) = In 
Therefore 

_ \\q — q^ 1 — /id|P 

t = A(cxp z (ha), ny(z)) = A(u, 7r y (z)) = A(u, y) - A(z, y) = In — - — . 

\\£[ x 



Using the fact that | ln(l + x)| > \x\/2 for \x\ < 1, one gets 
2h I a-x' \ h 2 1 \h\ 



t 



In 



1 - 



\q — x'\\ \\\q — x 
Now (7.3) implies 

q — x 
\q — x'\\ 

and using (a,b) > 9 we get 



7ii>a; + 



-b 



< 4e + 



\q — x 



q — x 



'112 



> 



? — X 



kl 



2 5 — x'| 



< 4e + 2^ 



q — x 



x 



|? — x : 



< 6e , 



7IT' a 



|g — x' 



2 Z , 9 a\ = 2(6, a) + 2 / g X '„ - 6, a\ > 2fl - 12e . 

\ Nor — / MIs-anI / 



Moreover, \\q — x'\\ > 1 — e > 1/2, so — x'|| < 2e which combined with the above, 

||? — x'\\ < \\q\\ + e < 2\\q\\ and (7.1) gives 

\t\ > i (20 o - 14e) >^ \h\=6\h\ 

for all h with |/i| < e. 

This proves that (LNIC) is fulfilled, thus completing the proof of Lemma 3. 



8. Open billiard flows 

In this section we prove Theorem 4. Let if be a subset of (N > 2) of the form 
K — K i U K2 U . . . U K Ko , where Ki are compact strictly convex disjoint domains in M N with 
C r (r > 3) boundaries Tj = OKi and /t > 3. Set Q = M. N \ K. Throughout this section we 
assume that K satisfies the following (no-eclipse) condition: 



(H) 



for every pair Ki, Kj of different connected components of K the convex hull 
of Ki U Kj has no common points with any other connected component of K. 
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With this condition, the billiard flow <p t defined on the cosphere bundle S* (fl) in the standard 
way is called an open billiard flow. It has singularities, however its restriction to the non- 
wandering set A has only simple discontinuities at reflection points. Moreover, A is compact, 
(ft is hyperbolic and transitive on A, and it follows from |Stlj that (ft is non-lattice and 
therefore by a result of Bowen [B], it is topologically weak- mixing on A. 

Denote by A the kq x k matrix with entries A(i, j) = 1 if % j and A(i, i) = for all i, and 
define H A and E+ as in Sect. 1. Given f G E A , let . . . , P_ 2 (6), p -i(0, ^b(0> ^2(6), ■ ■ ■ 

be the successive reflection points of the unique billiard trajectory in the exterior of K 
such that Pj(C) G for all j G Z. Set /(£) = ||P (0 - Pi (Oil > and define the ma P 
$:S A ^A 9i , = An5X(fi)by 

$(0 = (p (0, (A(0 - JMOVII A(0 - Po(OII) • 

Then $ is a bijection such that $ o a = B o $, where P : A^r- — >■ A&r- is the billiard ball 
map. Choosing appropriately 6 G (0, 1), we have / G ^2 (Ha) (see e.g. [I]). 

By Sinai's Lemma (see e.g. [PP]), there exists a function / G .7-0 (E^) depending on future 
coordinates only and x/ G .7-0 (E^) such that /(£) = /(£) + Xf(0 ~ Xf( a f° r an £ e ^U- 
As in the proof of Sinai's Lemma, for any k = I, . . . , ko choose and fix an arbitrary sequence 
T)V°) = (..., 7]-^, • • • , V-itVo^) e with 7)q^ = k. Then for any £ G E^ (or £ G Ej[) set 

e(0 = (. . . . . . ,#,^ o) = £ ,6, . . . ,U - - e S A . 

Then we have 

x/(0 = ELf(^(0)-/(^e(e))]. 

n=0 

As before, let P = P/ G R be such that Pr(-P/) = (then Pr(-P/) = as well), let m 
be the equilibrium state of —Pff, and let a = J s + f dm . 

Next, let K = {Ri} k i=l be a Markov family of rectangles with P; = [U h Si], U { C W^(zi) n 
A and Sf C W/(zi)nA, respectively, for some Z{ G A (see Sect. 6 above). Taking x sufficiently 
small, we may assume that each rectangle Pj is 'between two boundary components' T Pi and 
T q - of K, that is for any x G P,, the first backward reflection point of the billiard trajectory 
7 determined by x belongs to r Pi , while the first forward reflection point of 7 belongs to T qi . 
Moreover, using the fact that the intersection of A with each cross-section to the flow ip t is 
a Cantor set, we may assume that the Markov family TZ is chosen in such a way that, apart 
from the standard properties (a) and (b) in Sect. 6, it also satisfies the following: 

(c) for any i = 1, . . . , k we have <9a U% = 0. 

Finally, partitioning every P; into finitely many smaller rectangles, cutting Pj along some 
unstable leaves, and removing some rectangles from the family formed in this way, we may 
assume that 

(d) for every x G P the billiard trajectory of x from x to V(x) makes exactly one 
reflection. 
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From now on we will assume that 1Z = {R{\^ =1 is a fixed Markov family for (p t of size 
X < eo/2 satisfying the conditions (a), (b) from Sect. 6 and the above conditions (c) and 
(d). Define U = U^ =1 Ui and a : U — > U as in Sect. 6. As in Sect. 6, we will assume that 
1Z is chosen so that r is non-lattice. 

Under the conditions in Theorem 4 it follows from Theorem 6 in Sect. 9 below that the 
Ruelle transfer operators related to r are weakly contracting. This allows to apply Theorem 
6. One particular case when these conditions are satisfied concerns the following pinching 
condition: 

(P): There exist constants C > and a > such that for every x G A we have 
^e axt \\u\\ < \\<bp t (x) ■ u\\ < Ce^ 1 \\u\\ , u G E u {x) ,t > , 

for some constants a x ,(3 x > depending on x but independent of u with a < a x < (3 X and 
2a x — (3 X > a for all x G A. 

Notice that when N = 2 this condition is always satisfied. For N > 3, (P) follows from 
certain estimates on the eccentricity of the connected components Kj of K - see |St4j for a 
more precise result. It turns out that for n > 3 the condition (P) is always satisfied when the 
minimal distance between distinct connected components of K is relatively large compared 
to the maximal sectional curvature of OK. According to general regularity results (|HJ), (P) 
implies that W^(x) and W*(x) are C 1+s in x G A for some 5 > 0. This and the main result 
in |St4] imply the following 

Proposition 2. Assume that the billiard flow (ft satisfies the pinching condition (P) on A. 
Then the Ruelle transfer operators related to f are weakly contracting. 

Proof of Theorem 4. Assume that the conditions of Theorem 4 are satisfied. Then, as 
mentioned above, r is non-lattice and the Ruelle transfer operators related to r are weakly 
contracting, so we can apply Theorem 5 from Sect. 6. 

Let A be the matrix defined in Sect. 6 using the Markov family TZ. As in Sect. 2 in |PeSj 
one defines a natural bijection S : — > which commutes with the shifts. Apart from 
that there is a natural map W : U — > such that a o W = W o a. Let P T G K be such 
that Pr(— P t t) = 0. It is easy to see that P T = Pf. Indeed, first notice that the map W 
is continuous (and therefore a homeomorphism) when U is considered with the Riemannian 
metric and with the metric dg, so Pr(— P T r o W _1 ) = (see e.g. Theorem 9.8 in |Wal] ) . 
Next, for r = r o W -1 it follows from (3.4) in Sect. 3 in |PeSj that there exists a continuous 
function fi : Ej^ — y R such that r = f o S + fio a — fi. Thus, Pr(a r) = Pr(a /) for any a G R 
(see e.g. |PPj ). so in particular, Pr(— P T f) = 0, and therefore P T = Pf. In a similar way we 
see that if m' is the equilibrium state of —P T r on U, then a = J s + / dm = j v T dm' . 

It remains to notice that if a n (x) = x for some x G U, and if n is the smallest integer 
with this property, then x generates a periodic billiard orbit 7 with n reflection points and 
T 7 = r n (x). Every periodic billiard orbit with n reflection points is obtained in this way, 
and we get the same orbit from n different x. With this remark, using Theorem 5 from Sect. 



6, we get the estimates (1.11) and (1.12). 
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9. Spectral estimates for Ruelle transfer operators 

Let again (ft : M — > M be a C 2 Axiom A flow and A be a basic set for <ft t . For any 
x £ A, T > and 5 £ (0, e] set 

B%{x, 5) = {ye W?(x) : d(cp t (x), <p t (y)) < 5 , < t < T} . 

We will say that ft has a regular distortion along unstable manifolds over the basic set 
A if there exists a constant eo > with the following properties: 

(a) For any < 5 < e < e there exists a constant R = R(5, e) > such that 

diam(A n 5£(z, e)) < i?diam(A n B%(z, 5)) 
for any z £ A and any T > 0. 

(b) For any e £ (0, e ] and any p £ (0, 1) there exists 5 £ (0, e] such that for any z £ A 
and any T > we have diam(A D B^{z, 8)) < p diam(A fl B%(z, e)) . 

Part (a) of the above condition resembles the Second Volume Lemma of Bowen and 
Ruelle p3Rj about balls in Bowen's metric; this time however we deal with diameters instead 
of volumes. Sect. 8 in [St3j describes a rather general class of flows on basic sets satisfying 
this condition. In fact, there are reasons to believe that this may actually hold for all C 2 
flows on basic sets - see the comments in Sect. 1 in |St3j . 

In the special case when the flow satisfies the pinching condition (P) over A (see Sect. 
8, where it is stated for open billiard flows; for general flows on basic sets it is similar), it 
follows from Theorem 7.1 in |St3] that <pt has a regular distortion along unstable manifolds 
over A. As we mentioned in Sect. 8 above, when the local unstable manifolds are one- 
dimensional (P) is always satisfied. For open billiards (see Sect. 8 again) the condition (P) 
is always satisfied when the minimal distance between distinct connected components of K 
is relatively large compared to the maximal sectional curvature of OK. An analogue of the 
latter for manifolds M of strictly negative curvature would be to require that the sectional 
curvature is between — K and — aK for some constants K > and a £ (0, 1). It follows 
from the arguments in |HPj that when a = 1/4 the geodesic flow on M satisfies the pinching 
condition (P). 

In what follows we deal with flows (ft over basic sets A having a regular distortion 
along unstable manifolds. Apart from that, we impose an additional local non-integrability 
condition (LNIC) which we state below. 

It follows from the hyperbolicity of A that if eo > is sufficiently small, there exists 
ei > such that if x, y £ A and d(x,y) < e\, then W*(x) and fi-e ,eo](W^ (y)) intersect at 
exactly one point [x,y] £ A (cf. |KH] ) . That is, there exists a unique t £ [— e ,e ] such that 
(pt([x,y]) £ W*(y). Setting A(x, y) = t, defines the so called temporal distance function. For 
x,y £ A with d(x,y) < e 1; define 7r y (x) = [x,y] = (x) rnp[^ e0jeo ](W^ o (y)) . Thus, for a fixed 
y £ A, 7T y : W — > <p[- e0)eo ](W™(y)) is the projection along local stable manifolds defined on 
a small open neighborhood W of y in A. 

Given z £ A, let exp^ : E u (z;eo) — > W^(z) be the corresponding exponential map. 
A vector b £ E u (z) \ {0} will be called tangent to A at z if there exist infinite sequences 
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{ V M} c E u {z) and {t m } cl\{0} such that exp u z (t m v^) G AnW^(z) for all m, v (m) -»■ 6 
and £ m — > as m — > oo. It is easy to see that a vector b G E u (z) \ {0} is tangent to A at 2 if 
there exists a C 1 curve z(t) (0 < t < a) in W 7 "^) for some a > with z(0) = z and i(0) = 6 
such that z(t) G A for arbitrarily small t > 0. 

The following is the local non-integrability condition for (p t and A mentioned above. 

(LNIC): There exist z G A, e > and 9 > snc/i t/iat /or any e G (0,e ], any z G 
AflW^Zo) and any tangent vector 77 G E u (z) to A at z with = 1 £/iere exist z G AflW / e "(5) 7 
?/2 G A fl W e s (z) with y x ^ y 2 , 5 = 8(z, y x , y 2 ) > and e' = e'(z, y x , y 2 ) G (0, e] such that 



for all z G W^(z) fl A and v G E u (z; e') with exp"(t>) G A and (jor,ffc) > #0; where r\ z is the 
parallel translate of r/ along the geodesic in W^(zo) from z to z. 

One would expect that (LNIC) is satisfied in most interesting cases. For example, it was 
shown in |St4j that open billiard flows (in any dimension) with C 1 (un)stable laminations 
over the non- wandering set A always satisfy (LNIC). 

If (p t is a C 2 contact flow on M, i.e. there exists a C 2 invariant one-form u such that 
u> A (du) n is a volume form on M, where dim(M) = 2n + 1, then the following condition 
(ND) implies (LNIC) (see Proposition 6.1 in [Sti*] ). 

(ND): There exist z Q G A, e > and /z > such that for any e G (0, e ], any z G AnW^(z ) 
and any unit vector 77 G E u (z) tangent to A at z there exist z G A fl W™{z), y G W^(z) and 
a unit vector £ G E s {y) tangent to A at y with \dcUz(£z, Vs)\ > Ho, where r\ z is the 'parallel 
translate of 77 along the geodesic in W^(z) from z to z, while £5 is the parallel translate of £ 
along the geodesic in W*(z) from y to z. 

Remark. It appears the above condition would become significantly more restrictive if one 
requires the existence of a unit vector £ G E s (z) tangent to A at z with \du z ($,, Tjs)\ > Ho- 
The reason for this is that in general the set of unit tangent vectors to A does not have to be 
closed in the bundle E S A . That is, there may exist a point z G A, a sequence {z m } C W^(z)nA 
and for each m a unit vector £ m tangent to A at z m such that z m — > z and £ TO — )■ £ as m — )■ 00, 
however £ is not tangent to A at z. A similar comment can be made about (LNIC), where 
requiring y 2 = z would replace (9.1) by |A(exp"(w), iTy(z))\ > 5\\v\\ with y = y l3 which is 
still a rather general non-integrability condition. However in its present form (LNIC) is a 
substantially weaker condition. 

Given a Lipschitz real- valued function / on U, set g = gf = f — Pt, where P = Pf G 1R 
is the unique number such that the topological pressure Pr (T (o) of g with respect to a is zero 
(cf. e.g. |PPj ). For a, b G M, consider the Ruelle transfer operator L g ^^ a+i ^ T on the space 
C P(C7) of Lipschitz functions g : C/ — > C. By Lip(o) we denote the Lipschitz constant of 
g and by ||g||oo the standard sup norm of g on U . As in Sect. 6 above, we will use the norm 



|A(exp»,7r^)) - A(exp2(«),7r fc (*))| > % 



(9.1) 
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Theorem 6. fl5t5|) Let <p t : M — > M be a C 2 Axiom A flow on a C 2 complete Riemann 
manifold satisfying the condition (LNIC) and having a regular distortion along unstable man- 
ifolds over a basic set A. Assume in addition that the local holonomy maps along stable 
laminations through A are uniformly Lipschitz. Then for any Lipschitz real-valued function 
F we have the following: for every e > there exist constants < p < 1, ao > and C > 
such that ifa,b e R satisfy \a\ < ao ond \b\ > 1/ao, then 

\\^F-{P(F)+a+ib)T^\\Lip,b <Cp m \b\ £ ll^l|Lip,6 

for every integer m > and every h 6 C Lip (£7). In particular the spectral radius of 
CF-(p(F)+ a +ib)T on C Lip (c7) does not exceed p. 

As an immediate consequence of this theorem we get the following (see [Dj or Corollary 
3.3 in [St2] ): 

Corollary 2. Under the assumptions of Theorem 6, the Ruelle transfer operators related to 
r are weakly contracting. 

References 

[An] N. Anantharaman, Precise counting results for closed orbits of Anosov flows, Ann. Scient. Ec. Norm. 
Sup. 33 (2000), 33-56. 

[B] R. Bowen, Symbolic dynamics for hyperbolic flows, Amer. J. Math. 95 (1973), 429-460. 
[BR] R. Bowen and D. Ruelle, The ergodic theory of Axiom A flows, Invent. Math. 29 (1975), 181-202. 
[DP] M. Denker and W. Philipp, Approximation by Brownian motion for Gibbs measures and flows under 
a function, Ergod. Th. & Dynam. Sys., 4 (1984), 541-552. 

[D] D. Dolgopyat, On decay of correlations in Anosov flows, Ann. of Math. 147 (1998), 357-390. 

[E] P. Eberlein, Geodesic flows on manifolds of non-positive curvature, Proc. Symp. in Pure Mathematics 
69 (2001), 525-571. 

[H] B. Hassclblatt, Regularity of the Anosov splitting and of horospheric foliations, Ergod. Th.& Dynam. 
Sys. 14 (1994), 645-666. 

[HP] M. Hirsch and C. Pugh, Smoothness of horocycle foliations, J. Diff. Geometry 10 (1975), 225-238. 

[I] M. Ikawa, Decay of solutions of the wave equation in the exterior of several convex bodies, Ann. Inst. 
Fourier 2 (1988), 113-146. 

[KH] A. Katok and B. Hasselblatt, Introduction to the Modern Theory of Dynamical Systems, Cambridge 

Univ. Press, Cambridge 1995. 
[LI] S. Lalley, Ruelle's Perron- Frobenius theorem and the central limit theorem for additive functionals of 

one- dimensional Gibbs states, Adaptive statistical procedures and related topics (Upton, N.Y., 1985), 

IMS Lecture Notes Monogr. Ser., 8, Inst. Math. Statist., Hayward, CA, 1986, pp. 428-446. 
[L2] St. Lalley, Renewal theorems in symbolic dynamics, with applications to geodesic flows, non- Euclidean 

tessellations and their fractal limits, Acta Math. 163 (1989), 1-55. 
[M] G. Margulis, On some applications of ergodic theory to the study of manifolds of negative curvature, 

Func. Anal. App. 3 (1969), 89-90. 
[N] F. Naud, Expanding maps on Cantor sets and analytic continuation of zeta functions, Ann. Sci. Ecole 

Norm. Sup. 38 (2005), 116-153. 
[PP] W. Parry and M. Pollicott, Zeta functions and the periodic orbit structure of hyperbolic dynamics, 

Asterisque 187-188 (1990), 1- 268. 
[PeS] V. Petkov and L. Stoyanov, Correlaitons for pairs of periodic trajectories for open billiards, Nonlin- 

earity, 22 (2009), 2657-2679. 



30 



V. PETKOV AND L. STOYANOV 



[PS1] M. Pollicott and R. Sharp, Rates of recurrence for Z p andR q extensions of sub shifts of finite type, J. 

London Math. Soc. 49 (1994), 401-416. 
[PS2] M. Pollicott and R. Sharp, Exponential error terms for growth functions of negatively curved surfaces, 

Amcr. J. Math. 120 (1998), 1019-1042. 
[PS3] M. Pollicott and R. Sharp, Errors terms for closed orbits of hyperbolic flows, Ergod. Th. & Dynam. 

Sys. 21 (2001), 545-562. 

[PS4] M. Pollicott and R. Sharp, Asymptotic expansions for closed orbits in homology classes, Geom. Dedi- 
cata 87 (2001), 123-160. 

[PS5] M. Pollicott and R. Sharp, Distribution of ergodic sums for hyperbolic maps, Representation theory, 
dynamical systems, and asymptotic combinatorics, Amer. Math. Soc. Transl. Ser. 2, 217, Amcr. Math. 
Soc, Providence, RI, 2006, pp. 167-183. 

[PS6] M. Pollicott and R. Sharp, Large deviations, fluctuations and shrinking intervals, Comm. Math. Phys. 
290 (2009), 321-334. 

[PSW] C. Pugh, M. Shub and A. Wilkinson, H older foliations, Duke Math. J. 86 (1997), 517-546; Correction: 

Duke Math. J. 105 (2000), 105-106. 
[Rate] J. G. Ratcliffe, Foundations of hyperbolic manifolds, Springer- Verlag, New York, 1994. 
[Ra] M. Ratner, Markov partitions for Anosov flows on n- dimensional manifolds, Israel J. Math. 15 (1973), 

92-114. 

[Rl] D. Ruelle, A measure associated with Axiom- A attractors, Amer. J. Math. 98 (1976), 619-654. 
[R2] D. Ruelle, An extention of the theory of Fredholm determinants, Inst. Hautes Etudes Sci. Publ. Math. 
72 (1990), 175-193. 

[Stl] L. Stoyanov, Exponential instability for a class of dispersing billiards, Ergod. Th. & Dynam. Sys. 19 
(1999), 201-226. 

[St2] L. Stoyanov, Spectrum of the Ruelle operator and exponential decay of correlation for open billiard 
flows, Amer. J. Math. 123 (2001), 715-759. 

[St3] L. Stoyanov, Spectra of Ruelle transfer operators for Axiom A flows, Nonlinearity, 24 (2011), 1089-1120. 

[St4] L. Stoyanov, Non-integrability of open billiard flows and Dolgopyat type estimates, Ergod. Th. & Dy- 
nam. Sys. 33 (2012), 295-311. 

[St5] L. Stoyanov, Ruelle zeta functions and spectra of transfer operators for some Axiom A flows, Preprint 
2005, unpublished. 

[Wal] P. Walters, An introduction to ergodic theory, Springer- Verlag, Berlin, 1982. 

[W] P. Wright, On Ruelle's lemma and Ruelle zeta functions, Preprint 2010 (arXiv:math. 1010.4607). 



DISTRIBUTION OF PERIODS OF CLOSED TRAJECTORIES 



31 




Figure 1 



